In this paper we study some products related to quadratic residues and quartic residues modulo primes. Let p be an odd prime and let A be any integer. We determine completely the product f p (A) :=
Introduction
Let p be a prime with p ≡ 1 (mod 4). Recall that an integer a not divisible by p is a quartic residue modulo p (i.e., z 4 ≡ a (mod p) for some z ∈ Z) if and only if a (p−1)/4 ≡ 1 (mod p). Note that p = x 2 + 4y 2 for some x, y ∈ Z. Dirichlet proved that 2 is a quartic residue modulo p if and only if 4 | y (cf. Exer. 28 of [IR, p. 64] where ( · p ) is the Legendre symbol. By Dirichlet's class number formula, p − 1 2 − 4 1 k < p 4 :
where h(d) with d ≡ 0, 1 (mod 4) denotes the class number of the quadratic field with discriminant d. In 1905, Lerch (cf. [HW] ) proved that h(−3p) = 2 1 k<p/3 k p .
By [WD, Lemma 14], (−3) (p−1)/4 ≡ (−1) h(−3p)/4 (mod p) if p ≡ 1 (mod 12), (−1) (h(−3p)−2)/4 p−1 2 ! (mod p) if p ≡ 5 (mod 12). Thus, if p ≡ 1 (mod 12) then (−3) (p−1)/4 ≡ (−1) Motivated by Theorem 1.2(ii) of [S18] , in this paper we study some products related to quadratic residues and quartic residues. Our results involve certain Lucas sequences.
For any A ∈ Z, we define the Lucas sequences {u n (A)} n 0 and {v n (A)} n 0 by u 0 (A) = 0, u 1 (A) = 1, and u n+1 (A) = Au n (A) + u n−1 (A) for n = 1, 2, 3, . . . , and v 0 (A) = 2, v 1 (A) = A, and v n+1 (A) = Av n (A) + v n−1 (A) for n = 1, 2, 3, . . . .
It is well known that
It is also known that for any odd prime p not dividing ∆ = A 2 + 4 we have
(1.2) Theorem 1.1. Let p be an odd prime and let A ∈ Z with ( A 2 +4 p ) = 1. Then
(1.3) Theorem 1.1 actually follows from our next theorem.
Theorem 1.2. Let p be any odd prime, and let a, b ∈ Z with ab ≡ −1 (mod p). Set
(1.7)
Remark 1.1. If p is an odd prime and A is an integer with ∆ = A 2 + 4 ≡ 0 (mod p), then Theorem 1.2(ii) determines
As a supplement to Theorem 1.1 and Remark 1.1, we present our next result.
Theorem 1.3. Let p be an odd prime and let A ∈ Z with ( A 2 +4 p ) = −1. Then
(1.8) Corollary 1.1. Let p be any odd prime and let A ∈ Z with p ∤ A 2 + 4. If p ≡ 1 (mod 4) or ( A 2 +4 p ) = 1, then
(1.9)
If p ≡ 3 (mod p) and ( A 2 +4 p ) = −1, then
(1.10) Corollary 1.2. Let p be an odd prime.
(i) We have 11, 19 (mod 20) .
(1.11) and 13, 17 (mod 20) .
(1.12) (ii) We have
and
Theorem 1.4. Let p be a prime with p ≡ 1 (mod 4), and let k ∈ {0, 1}. Then
We are going to show Theorem 1.2 in the next section, and prove Theorems 1.1 and 1.3 and Corollaries 1.1-1.2 in Section 3. Theorem 1.4 will be proved in Section 4. We will pose some related conjectures in Section 5.
Proof of Theorem 1.2
Lemma 2.1. Let p be any odd prime. Then
Remark 2.1. (2.1) is an easy consequence of Wilson's theorem. (2.2) is also known, see [S18, (1.5)] and its few-line proof there.
Lemma 2.2 (Gauss' Lemma). Let p be any odd prime and let a ∈ Z with p ∤ a. Then a p
where {m} p denotes the least nonnegative residue of m modulo p.
Lemma 2.3. Let p be a prime with p ≡ 1 (mod 4). Then
Proof. Let a = ((p − 1)/2)!. Then a 2 ≡ −1 (mod p) by (2.1). For any k = 1, . . . , (p−1)/2, there is a unique integer k * ∈ {1, . . . , (p−1)/2} congruent to ak or −ak modulo p. Note that k * = k since a ≡ ±1 (mod p). If {ak} p > p/2 then {ak * } p = {a(−ak)} p = k < p/2; if {ak} p < p/2 then {ak * } p = {a(ak)} p = p−k > p/2. So, exactly one of {ak} p and {ak * } p is greater than p/2. Therefore (2.4) holds.
Remark 2.2. In view of Gauss' Lemma, Lemma 2.3 is stronger than the fact that ( ((p−1)/2)! p ) = ( 2 p ) for any prime p ≡ 1 (mod 4) (cf. [S13, Lemma 2.3]). Proof of Theorem 1.2. Observe that
Below we assume that a 2 ≡ 1 (mod p). As ab ≡ −1 (mod p), we have
(2.6) (i) If p ≡ 3 (mod 4), then ( −1 p ) = −1 and hence a ≡ b (mod p) since ab ≡ −1 (mod p). Assume that a ≡ b (mod p). Then a 2 ≡ ±1 (mod p). For 1 i, j (p − 1)/2, we cannot have i 2 − a 2 j 2 ≡ j 2 − a 2 i 2 ≡ 0 (mod p). Thus
Combining this with (2.6), we obtain
Thus, by using (2.5) and Lemma 2.2, we see that
This proves (1.5).
(ii) Now assume that a ≡ b (mod p). Then a 2 ≡ ab ≡ −1 (mod p). As j ± ai ≡ ±a(i ∓ aj) (mod p), by (2.6) we have
Applying (2.5) and Gauss' Lemma, from the above we get
(2.7) As a 2 ≡ −1 ≡ ((p − 1)/2)!) 2 , we have a ≡ (−1) k ((p − 1)/2)! (mod p) for some k ∈ {0, 1}. By Lemma 2.3,
(−1) k p−1 2 !( p−1 2 !) 2(p−5)/8 ≡ (−1) k+(p−5)/8 p−1 2 ! (mod p) if p ≡ 5 (mod 8). Combining this with (2.7) we immediately obtain part (ii) of Theorem 1.2.
In view of the above, we have completed the proof of Theorem 1.2.
3. Proofs of Theorems 1.1 and 1.3, and Corollaries 1.1-1.2
Lemma 3.1. Let A ∈ Z and let p be an odd prime not dividing ∆ = A 2 + 4. Then
Remark 3.1. This is a known result, see, e.g. (IV.23) of [R, Chapter 2] .
Proof of Theorem 1.1. Let ∆ = A 2 + 4. As ( ∆ p ) = 1, we have δ 2 ≡ ∆ for some δ ∈ Z with p ∤ δ. Choose integers a and b such that
Then a + b ≡ A (mod p) and ab ≡ (A 2 − δ 2 )/4 ≡ −1 (mod p). Thus, for any i, j ∈ Z we have
If p ≡ 1 (mod 4), then
If p ≡ 3 (mod 4), then 2δ(A + δ) p = aδ p = a(a − b) p .
For any positive integer n, clearly
In the case p ≡ 3 (mod 4), we have p | v (p−1)/2 (A) by Lemma 3.1, and hence
So, Theorem 1.1 follows from Theorem 1.2(i).
Lemma 3.2. Let p be an odd prime, and let A ∈ Z with ∆ = A 2 + 4 ≡ 0 (mod p). If p ≡ 1 (mod 4), then
Remark 3.2. This is a known result, see, e.g., [Su, Theorem 4.1] .
Proof of Theorem 1.3. Let
As x 2 − Ax − 1 = (x − α)(x − β), both α and β are algebraic integers. Observe that
and hence
(in the ring of all algebraic integers) since for any j, k = 1, . . . , (p − 1)/2 there is a unique i ∈ {1, . . . , (p − 1)/2} congruent to jk or −jk modulo p. Note that
Thus
Case 1. p ≡ 1 (mod 4). In this case,
=u (p−1)/2 (A) (p−1)/2 ∆ (p−1)/4 (mod p).
As ( ∆ p ) = −1, by Lemma 3.2 we have u (p−1)/2 (A) ≡ ±∆ (p−1)/4 (mod p) and hence
Therefore
Case 2. p ≡ 3 (mod 4). In this case,
(i 2 − Aij − j 2 ) ≡ − α (p−1)/2 + β (p−1)/2 (p−1)/2 (mod p).
It is easy to see that 2v n−1 (A) = ∆u n (A) − Av n (A) for all n = 1, 2, 3, . . . . Hence 0 (mod p) by Lemma 3.1. Thus
As ( ∆ p ) = −1, by Lemma 3.2 we have u (p+1)/2 (A) ≡ ±2∆ (p−3)/4 (mod p), and hence
In view of the above, we have completed the proof of Theorem 1.3.
Proof Corollary 1.1. By induction, u n (−A) = (−1) n−1 u n (A) for all n ∈ N. Thus, when p ≡ 3 (mod 4) we have u (p−1)/2 (−A) = (−1) (p−3)/2 u (p−1)/2 (A) = u (p−1)/2 (A) and
Now the desired result follows from Theorems 1.1 and 1.3.
Proof Corollary 1.2. Note that {u n (1)} n 0 is just the Fibonacci sequence {F n } n 0 . By [SS, Corollary 2(iii) ], if p ≡ 3 (mod 4) and ( 5 p ) = 1, then u (p−1)/2 (1) = F (p−1)/2 ≡ −2(−1) ⌊(p−5)/10⌋ 5 (p−3)/4 (mod p) and hence −5 (p+1)/4 u (p−1)/2 (1) 2 ≡ (−1) ⌊(p−5)/10⌋ 5 (p+1)/4+(p−3)/4 ≡ (−1) ⌊(p−5)/10⌋ (mod p).
Similarly, if p ≡ 3 (mod 4) and ( 5 p ) = −1, then u (p+1)/2 (1) = F (p+1)/2 ≡ 2(−1) ⌊(p−5)/10⌋ 5 (p−3)/4 (mod p) and hence
Therefore Theorems 1.1 and 1.3 with A = 1 yield (1.11) and (1.12). When p ≡ 1 (mod 8), we obviously have −8 (p−1)/4 = −2 (p−1)/2+(p−1)/4 ≡ −2 (p−1)/4 (mod p).
If p ≡ 7 (mod 8), then
by [Su, (1.7) ], and hence
Similarly, if p ≡ 3 (mod 8), then u (p+1)/2 (2) ≡ (−1) (p+5)/8 2 (p−3)/4 (mod p)
by [Su, (1.7) ], and hence 8 (p+1)/4 u (p+1)/2 (2) 2 ≡2 (3p+3)/4 (−1) (p+5)/8 2 (p+5)/4 ≡ (−1) (p−7)/8 (mod p).
So Theorems 1.1 and 1.3 with A = 2 yield (1.13) and (1.14). This ends the proof.
Proof of Theorem 1.4
Lemma 4.1. Let p be any odd prime. Then
Proof. Set
On the other hand,
where k * is 1 or k according as p | k or not. Therefore
Clearly, (4.3) gives the first congruence in (4.1). Combining (4.2) and (4.3), we see that A 2 p ≡ B 2 p ≡ 1 (mod p). So (4.1) does hold. This ends the proof. Proof of Theorem 1.4. It is easy to see that the desired result holds for p = 3. Below we assume that p > 3.
As 2i 2 + 5ij + 2j 2 = (i + 2j)(2i + j), we have (p−1)/2 i,j=1 p∤2i 2 +5ij+2j 2 (2i 2 + 5ij + 2j 2 ) = (p−1)/2 i,j=1 p∤(i+2j)(2i+j) (i + 2j) × (i + 2j) 2 × (p−1)/2 i,j=1 p|j+2i 1 (i + 2j) 2 (mod p).
(Note that we cannot have i+2j ≡ 2i+j ≡ 0 (mod p) for some i, j = 1, . . . , (p− 1)/2.) Thus, applying Lemma 4.1 we get (p−1)/2 i,j=1 p∤2i 2 +5ij+2j 2 (2i 2 + 5ij + 2j 2 ) ≡ 1 ((p − 1)/2)!! 2 × p/4<i<p/2 1 (i + 2(p − 2i)) 2 ≡ 1 ((p − 1)/2)!! 2 × 3 2⌊p/4⌋ ⌊p/4⌋! 2 3 p−1 ((p − 1)/2)! 2 (mod p).
If p ≡ 1 (mod 4), then this yields (1.15) for k = 0, and we can prove (1.15) for k = 1 in a similar way. This concludes the proof.
Some related conjectures
Motivated by Theorem 1.4 and Lemma 4.1, we pose the following conjecture. (5.2)
Remark 5.1. In view of Lemma 4.1, the congruences (5.1) and (5.2) are equivalent. For any prime p > 3 with p ≡ 3 (mod 4), L. J. Mordell [M] showed that p − 1 2 ! ≡ (−1) (h(−p)+1)/2 (mod p).
